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Using an example of a mixed discrete-continuum representation of charges under the periodic boundary
condition, we show that the exact pairwise form of the Ewald sum, which is well-defined even if the system is
non-neutral, provides a natural starting point for deriving unambiguous Coulomb energies that must remove all
spurious dependence on the choice of the Ewald screening factor.
In a recent article we derived a pairwise formulation for
the Ewald sum associated with any inifinte boundary term[4].
This formulation has an intuitive interpretation of the contri-
bution from the background charge that results in well-defined
electrostatic energies. One of the main advantages of this for-
mulation is that, as opposed to other proposed derivations of
the Ewald-type algorithm for non-neutral systems (e.g. [18]),
one can remove all spurious dependence of the energy on the
Ewald screening factor.
Let us consider a system of N discrete point charges
(qj , rj) with j = 1, 2, · · · , N in a cuboid unit cell specified
by Lx, Ly, Lz and their infinite periodic images (qj , rj + n)
where n stands for (nxLx, nyLy, nzLz) with nx, ny, and nz
integers. The usual Ewald3D sum under the tinfoil bound-
ary condition (e3dtf) for the Coulomb energy of the unit cell
reads[1–3]
Ue3dtf = 1
2
N∑
i,j=1
qiqj
∑′
n
erfc(α|rij + n|)
|rij + n|
− α√
pi
N∑
j=1
q2j +
2pi
V
∑
k 6=0
e−k
2/(4α2)
k2
∣∣∣∣∣∣
N∑
j=1
qje
ik·rj
∣∣∣∣∣∣
2
, (1)
where rij = ri − rj , V = LxLyLz and k =
2pi(kx/Lx, ky/Ly, kz/Lz) with kx, ky , and kz integers. The
prime indicates that the i = j terms are omitted when n = 0.
The parameter α ∈ (0,∞) is a screening factor that deter-
mines the relative proportion of the real and reciprocal space
sums. However, Ue3dtf uniformly and absolutely converges to
an α-independent value for any given non-overlapping config-
uration. Under the electroneutrality condition,
∑N
j=1 qj = 0,
Ue3dtf can be exactly re-expressed as a conventional pairwise
form (see Fig. 1 and eqs. (28)-(34) of ref.[4])
Ue3dtf =
N∑
i<j
qiqjν
e3dtf(ri − rj), (2)
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where
νe3dtf(r) = τ3D +
∑
n
erfc(α|r + n|)
|r+ n| +
4pi
V
∑
k 6=0
e−k
2/(4α2)eik·r
k2
− pi
α2V
. (3)
The constant τ3D independent of r and α is given by
τ3D =
pi
α2V
+
2α√
pi
−
∑
n 6=0
erfc(α|n|)
|n|
− 4pi
V
∑
k 6=0
e−k
2/(4α2)
k2
(4)
Both τ3D and νe3dtf(r) absolutely and uniformly converge to
α-independent values for any α ∈ (0,∞). Taking α → ∞ in
eq. (3), a more concise form for νe3dtf(r) formally reads
νe3dtf(r) = τ3D +
4pi
V
∑
k 6=0
eik·r
k2
. (5)
When the system is non-neutral,
∑N
j=1 qj 6= 0, Ue3dtf of
eq.(1) still converges but its value depends on α. In contrast,
the pairwise expression eq. (2) remains well-defined and inde-
pendent of α because the effect of the background charges has
been taken into account by νe3dtf . As will be shown below,
νe3dtf offers additional conveniencewhen deriving any Ewald
sum formula for a continuous distribution of charges.
Rigorous derivations of the Ewald sum[5–7] have shown
that the Coulomb energy of the unit cell inside an infinite pe-
riodic lattice has an extra shape-dependent term that depends
on the asymptotic behavior that the lattice approaches the infi-
nite. Alternatively, this infinite boundary term can be obtained
transparently by an analysis of k → 0 behavior of the recip-
rocal space term[4]
Ue3d = Ue3dtf − pi
V
N∑
i,j
qiqj lim
k→0
(k · rij)2
k2
, (6)
For example, regarding limk→0 as limkz→0
[
limkx,ky→0
]
yields the Ewald sum with the planar infinite boundary
term[4]
Ue3dp = Ue3dtf −
pi
V
N∑
i,j
qiqjz
2
ij =
N∑
i<j
qiqjν
e3d
p (rij) (7)
2where the corresponding pairwise potential is given by
νe3dp (r) = ν
e3dtf(r)− 2pi
V
z2. (8)
This planar infinite boundary term was actually known since
1980s[5] and was later widely used as a correction to the usual
Ewald3D sum with the tinfoil boundary term when simulating
planar interfaces [8, 9]. Other efficient and accurate meth-
ods using mean-field ideas or the 2D periodic Ewald sum for
such systems have been recently developed[10–14]. Relations
among them have been discussed[15, 16]. Moreover, it has
been clarified that Ue3dp is in fact an accurate mean-field ap-
proximation to the 2D periodic Ewald sum[17].
In a recent example studied by Levin and coworkers[18],
an efficient algorithm was developed to simulate a system of
Nm mobile ions (qj , rj) confined between two charged pla-
nar walls by treating the N − Nm fixed charges, (qs, rs) on
the wall as continuum to reduce the computational cost. Nei-
ther the fixed charges nor the mobile ions necessarily satisfy
the electroneutrality condition. We now use the above pair-
wise potential νe3dp (r) of eq.(8) as a starting point to simply
and transparently derive the Ewald sum energy that removes
a spurious dependence on the screen factor α which appeared
in Ref.[18].
Using the Ewald sum with the planar infinite boundary
term, the total coulomb energy of the mobile ions can be writ-
ten as a sum of the mobile-mobile and mobile-fixed compo-
nents
Ue3dp =
Nm∑
i<j
qiqjν
e3d
p (rij) +
Nm∑
j=1
qjφmf(rj), (9)
where each mobile charge (qj , rj) interacts with the wall
through the potential
φmf(r) =
N∑
s=Nm+1
qsν
e3d
p (r− rs). (10)
As suggested by Levin and coworkers, the discrete fixed
charges on the wall (qs, rs) might be replaced by a surface
charge density distribution ρqs(r) = σ1δ(z−zL)+σ2δ(z−zR).
Consequently, one then approximates φmf(r) as
φmf(r) ≃
∫
V
dr′ νe3dp (r− r′)ρqs(r′) = 2pi (σ2 − σ1) z + C1
(11)
where C1, a constant independent of r is given by
C1 = (σ1 + σ2)(LxLyτ
3D +
2piLz
6
) + 2pi(σ1zL − σ2zR).
(12)
When integrating νe3dp of eq. (5) and (8), terms in eq. (5) with
kx 6= 0 or ky 6= 0 all vanishes. The surviving terms with
kx = ky = 0; kz 6= 0 are related to the Fourier series for
|z| − z2/Lz on an interval [−Lz, Lz]
|z| − z
2
Lz
=
Lz
6
− 2
Lz
∑
kz 6=0
ei2pikzz/Lz
(2pikz/Lz)2
. (13)
On the other hand, the mobile-mobile component can be
rewritten in the usual form
Nm∑
i<j
qiqjν
e3d
p (rij) =
1
2
Nm∑
i6=j
qiqj
∑
n
erfc(α|rij + n|)
|rij + n|
+
2pi
V
∑
k 6=0
e−k
2/(4α2)
k2
∣∣∣∣∣∣
N∑
j=1
qje
ik·rj
∣∣∣∣∣∣
2
+
+
2pi
V
[
M2z −QtGz
]
+ C2(α) (14)
whereMz , Qt and Gz are defined as the same in the ref.[18]
Mz =
Nm∑
j=1
qjzj; Qt =
Nm∑
j=1
qj ; Gz =
Nm∑
j=1
qjz
2
j ,
and the α-dependent constant is given by
C2(α) =
Nm∑
i<j
qiqj
(
τ3D − pi
α2V
)
−2pi
V
Nm∑
j=1
q2j
∑
k 6=0
e−k
2/(4α2)
k2
.
(15)
Clearly, our expressions (14) and (11) differ from the corre-
sponding eqs.(19) and (21) of Ref.[18] by constants C1 and
C2 respectively. Both constants are useful for validating the
approximations to the Coulomb energies. However, it should
be noted that molecular dynamics or Monte-Carlo simulation
results[18–20] should not depend on these constants because
they are cancelled in the forces and relative energies.
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